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JEFFREY L. BOERSEMA AND EFREN RUIZ 

Abstract. We establish axiomatic characterizations of iC-theory 
and KK-theory for real C*-algebras. In particular, let F be an 
abelian group-valued functor on separable real C*-algebras. We 
prove that if F is homotopy invariant, stable, and split exact, then 
F factors through the category KK . Also, if F is homotopy invari- 
ant, stable, half exact, continuous, and satisfies an appropriate di- 
mension axiom, then there is a natural isomorphism K{A) — > F{A) 
for a large class of separable real C*-algebras A. Furthermore, we 
prove that a natural transformation F(A) — > G(A) of homotopy 
invariant, stable, half-exact functors which is an isomorphism when 
A is complex is necessarily an isomorphism when A is real. 



1. Introduction 

In this paper we establish axiomatic characterizations of K-theory 
and KK-theory for real C*-algebras, following that established in the 
complex case by [5]. These results and techniques will be used in a 
forthcoming paper to prove a classification of real simple purely infinite 
C*-algebras along the lines of that in the complex case proven by [H] 
and [7]. 

Let F be an abelian group-valued functor on separable real C*- 
algebras. We prove that if F is homotopy invariant, stable, and split 
exact, then F factors through the category KK. Also, if F is homotopy 
invariant, stable, half exact, continuous, and satisfies the dimension 
axiom, then there is a natural isomorphism K(A) — > F(A) for a large 
class of separable real C*-algebras A. These results are proven along 
the same lines as the proofs in [5]. 

If F is homotopy invariant, stable, and split exact then we use F to 
construct a Ci?T-module F CBT (A) (see [1], [2], and [3]) for any separable 
real C*-algebra. This Ci?T-module structure allows us to prove that 
a natural transformation F(A) —>■ G(A) of homotopy invariant, stable, 
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half-exact functors must be an isomorphism if it is an isomorphism in 
the special case that A is complex. 

These main results are all in Section 3. In Section 2 we re-develop 
the essential preliminaries concerning K K-theory in the real case, in- 
cluding the equivalence of the two principal models of K K-theory: the 
Kasparov bimodule construction and the Fredholm picture. 

2. The Fredholm Picture of KK-Treory 

We take the following definition from Section 2.3 of [9] to be the 
standard definition of KK-theory for real C*-algebras. It is essentially 
the same as that in [6J where it was simultaneously developed for both 
real and complex C*-algebras. 

Definition 2.1. Let A be a graded separable real C*-algebra and B 
be a real C*-algebra with a countable approximate identity. 

(i) A Kasparov (A-I?)-bimodule is a triple (E, 0, T) where E is a 
countably generated graded Hilbert 5-module, : A — > C(E) 
is a graded *-homomorphism, and T is an element of C(E) of 
degree 1 such that 

(T - T*)0(a), (T 2 - l)0(a), and [T, 0(a)] 

lie in K{E) for all a e A. 

(ii) Two triples (Ei,<fii,Ti) are unitarily equivalent if there is a uni- 
tary U in C(Eo,Ei), of degree zero, intertwining the 0« and 

(iii) If (E, 0, T) is a Kasparov ( A- B) -bimodule and (3 : B — > B' is a 
homomorphism of C*-algebras, then the pushed-forward Kas- 
parov (A-5')-bimodule is defined by 

(3^E,(j),T) = (E®pB r , 0®1, T(g)l) . 

(iv) Two Kasparov (A-B)-bimodules 0,,Tj) for z = 0, 1 are /io- 
motopic if there is a Kasparov bimodule (A-5®C[0, 1]), say 
(E,4>,T), such that (£ i )*(£ l , 0, T) and (Ei,(f)i,Ti) are unitarily 
equivalent for i = 0, 1, where denotes the evaluation map. 

(v) A triple (E, 0, T) is degenerate if the elements 

(T - T*)0(a), (T 2 - l)0(a), and [T, 0(a)] 

are zero for all a G A. By Proposition 2.3.3 of [H], degenerate 
bimodules are homotopic to trivial bimodules. 

(vi) KK(A, B) is defined to be the set of homotopy equivalence 
classes of Kasparov (A-B)-bimodules. 
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The following theorem summarizes the principal properties of KK- 
theory for real C*-algebras from Chapter 2 of [9]. 

Proposition 2.2. KK(A, B) is an abelian group for separable A and 
a-unital B. As a functor on separable real C*-algebras (contravariant 
in the first argument and covariant in the second argument) , it is homo- 
topy invariant, stable, and has split exact sequences in both arguments. 
Furthermore, there is a natural associate pairing (the intersection prod- 
uct) 

®c : KK(A, C®B)® KK(C ® A', B') -> KK(A ®A,B® B') . 

We now turn to the Fredholm picture of KK-theory, which was 
developed in [5| with only the situation of complex C*-algebras in mind. 
However, the approach goes through the same for real C*-algebras, as 
follows. 

Definition 2.3. Let A and B be real separable C*-algebras. 

(i) A KK (A, £?)-cycle is a triple (0 + , </>_,£/), where <fi± : A — ► 
M.(K Cg) B) are *-homomorphisms, and U is an element of Ai ()C © B) 
such that 

U<f>+(a) - <j>-(a)U, <f>+(a)(U*U-l), and ^{a){UU* - 1) 

lie in K © B for all a G A. 

(ii) Two KK(A, S)-cycles {<j)\, 4> l _, U l ) are homotopic if there is a 
KK(A, £®C[0, l])-cycle (0 + ,0_,C/) such that £j0_, £;([/)) = 
(</>V, 0L, C/*), where Ei : M(K ® B ® C[0, 1]) -> M{K © B) is 
induced by evaluation at i. 

(hi) A KK(A, 5)-cycle (ip+,ip-, V) is degenerate if the elements 

Vip+(a) -ip^(a)V, tp + (a)(V*V -1), and V-(a)(VV* - 1) 

are zero for all a G A. 
(iv) The sum (</>+, 0_,C/) © (*/>+, V) of two iTK(,4, ^-cycles is 
the B)-cycle 

0+ OW0_ 0\ /C/ 0' 

o V^'V ^J'Vo ^ y 

where the algebra M 2 (M(JC © 5)) is identified with .M(/C®.B) 
by means of some isomorphism M^{K) = /C, which is unique up 
to homotopy by Section 1.17 of [6]. 
■) Two cycles (</>+,</>!_, are said to be equivalent if there exist 
degenerate cycles (ip l + ,ip l _,V' t ) such that 

^,0°_,t/ o )©«,^°) and (fafaU 1 ) ©(^,Vi,^) 
are homotopic. 
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(vi) KK(A, B) is defined to be the set of equivalence classes of 
KK(A, £)-cycles. 

The following lemma is the real version of Lemma 2.3 of [5]. 

Lemma 2.4. KK(A, B) is an abelian group, for separable real C*- 
algebras A and B. As a functor it is contravariant in the first argument 
and covariant in the second argument. 

Proof. For the first statement, we show that a cycle (</>+, 4>-,U) has 
inverse (</>_, cf) + ,U*). Indeed, the sum 

ff<f> + o\ u o\ fu o\\ 
\\o 0j'Vo u*j) 

is homotopic to a degenerate cycle via the operator homotopy 

w - ( c^) 11 -sin(t)\ 
W * ~ \ sin(t) cos{t)U*J 

The functoriality is established as in [S] in Sections 2.4 through 2.7. 

□ 

The next proposition establishes the isomorphism between the two 
pictures of Ki^-theory First we review some preliminaries regarding 
graded C*-algebras and Hilbert modules. 

If B is a real C*-algebra, then the standard even grading on M 2 (B) 
is obtained by setting il^-B)^ to be the set of diagonal matrices and 
M2(B)^ the set of matrices with zero diagonal. The standard even 
grading on /C ® B is obtained by choosing an isomorphism K, <S> B = 
MziK <S> B). This in turn induces a canonical (modulo a unitary auto- 
morphism) grading on M.(K <8> B). 

Let Mb be the Hilbert S-module consisting of all sequences {b n } c £ =1 
in B such that Y2^=i Kfin converges. Giving B the trivial grading 
(that is = B and B^ = {0}), let H B = M B © H B be the graded 
Hilbert 5-module with = m b © and = © W B . Then the 
induced grading on C(M.b) is identical with the standard even grading of 
M 2 (M{K®B)). Under the isomorphism M 2 {M(K®B)) ^ M(K®B), 
this grading coincides with the one described in the previous paragraph. 

Theorem 2.5. Let A and B be a real separable C*-algebras. Then 
KK(A,B) is isomorphic to KK(A, B). 

Proof. We give A and B the trivial grading and A4 (K. ® B) is given the 
standard even grading described above. 
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For a KK(A, B)-cycle x = ((/)+, <p~, U) we define 

It is readily verified that a(x) is a Kasparov (A-B) bimodule. Further- 
more, for x = (4> + ,4>-,U) and y = (if) + ,ip^,V) it is easy to see that 
a(x + y) and a(x) + a(y) are unitarily equivalent via a degree unitary. 
We must show that a induces a well-defined homomoprhism 

a: KK(A,B) -»■ KK(A, B) . 

Note first that a sends degenerate elements to degenerate elements. 
Next, suppose (<fi+, 0_, U) is a KK(A, B ® C[0, l])-cycle implementing 
a homotopy between x = (0+,0°,?7o) and y = (0+, ?7i). That is, 
£i(<p+) = 4>\, £i{4>) = <fi 1 -, and = 17$; where e t : .M(/C ® B ® 

C[0, 1]) — > .M(/C ® -B) is the map induced by the evaluation map e t at 
t. Consider the Kasparov {A-B <g> C[0, l])-bimodule 

M ^c[o,i],^ ^J'^y o 
Since M B ^cio,i]®eiB = Mb it follows that 

(«o.w = (*», (f ;») , ( ° ^ 



and 



Therefore a (a;) and a(y) are homotopic. Hence a is well-defined. 

To show that a is surjective, let y = (E, 0, T) be a Kasparov 
bimodule. By Proposition 2.3.5 of [9], we may assume that E = Mb 
and that T = T*. Thus, with respect to the graded isomorphism 
£(M B ) = M 2 (M(®B)), we can write 

o and T= {u 

where 0+ and 0_ are homomorphisms from ^4 to M. (X ® 5) and U is 
an element of .M(/C ® 5). Then y = where x = (0 + , 4>_,U). 

Finally, we show that a is injective. Suppose that a(x) = a(y) 
where x = (<p + , 0_, 17) and y = (/0 + , t/j_,V). Then there is a Kasparov 
(A, B ® C[0, l])-bimodule « = (£, 0, T) such that 

(^) = (M'o%°J,(n*) 
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and 

(ei).Ws(H fll (^),(»V)) • 

As above, we may assume that E = Mb®c[o,i] an d that T = T* . 
Then z has the form 

where 6 + and 6L are homomorphisms to M. {K <S> B ® C[0, 1]) and 
is an element of M (JC ® 5 <g> C[0, 1]). Then 6L, W 7 ) is a Kasparov 
(A, B ® C[0, l])-bimodule implementing a homotopy between x and y. 

□ 

3. The Universal Property of KK-Tueory 

Let F be a functor from the category C*R-Alg of separable real 
C*-algebras to the cateogry Ab of abelian groups. We say that F is 

(i) homotopy invariant if («i)* = (a^)* whenever ot\ and cti are 
homotopic homomorphisms on the level of real C*-algebras. 

(ii) stable if e* : F(A) — > F(/C <g> A) is an isomorphism for the inclu- 
sion e: A c — > /C (g> A defined via any rank one projection. 

(iii) split exact if any split exact sequence of separable C*-algebras 

^ A^ B ^ 
induces a split exact sequence 

-> F(A) -> F(5) -> F(C) -> . 

(iv) half exact if any short exact sequence of separable C*-algebras 

0^ A^ B^C^O 
induces an exact sequence 

F(A) -> F{B) -> F(C) . 

In what follows we will see that if F is homotopy invariant and half 
exact, then it is split exact. 

The following theorem is the version for real C*-algebras of Theo- 
rem 3.7 of [5] and Theorem 22.3.1 of pp. 

Theorem 3.1. Let F be a functor from C*R-Alg to Ab that is homo- 
topy invariant, stable, and split exact. Then there is a unique natural 
pairing a: F(A) ® KK(A, B) — > F(B) such that a(x <g> 1a) = x for all 
x G F(A) and where 1a € KK(A, A) is the class represented by the 
identity homomorphism. 
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Furthermore, the pairing respects the intersection product on KK- 
theory in the sense that 

a{a{x®y)®z) = a(x®(y® B z)) : F(A)®KK(A, B)®KK(B,C) -> F{C) . 

Proof. Let $ G KK(A, B). Using Theorem 12.51 we represent $ with 
a KK(A,B) cycle and as in Lemma 3.6 of [5], we may assume that 
this cycle has the form (0 + ,0_,l). We use the same construction as 
in Definitions 3.3 and 3.4 in [5]. In that setting F is assumed to be 
a functor from separable complex C*-algebras, but it goes through 
the same for functors from separable real C*-algebras to any abelian 
category. This construction produces a homomorphism : F(A) — > 
F(B) and we then define a(x® $) = The proof of Theorems 3.7 

and 3.5 of [5] carry over in the real case to show that a is natural, is 
well-defined, satisfies a(x <S> 1a) = %, and is unique. 

That a respects the Kasparov product follows from the uniqueness 
statement. □ 



For any real C*-algebra A we define SA = C (R, A) and S 1 A = 
{/ G C (R, C <g> A) | f(-x) = 7M}- F o r any functor F on C*M-Alg 
and any integer n, we define i^ n (-A) = F(S n (A)) where 



Corollary 3.2. Let F be a functor from C*R-Alg to Ab that is homo- 
topy invariant, stable, and split exact. Then F*(A) has the structure of 
a graded module over the ring K*(M.). In particular, F(S 8 A) = F(A) 
and F(S~ 1 SA) = F(A). 

Proof. For all separable A and cr-unital B, the pairing of Proposition l2.2l 
gives KK*(A, B) the structure of a module over KK*(R,M.). Taking 
A = B, we define a graded ring homomorphism (3 from lf*(R) = 
KK*(R, K) to KK*(A,A) by multiplication by 1 A e KK(A, A). 

Then for any x G F m (A) and y G we define x ■ y = a(x <8> 

G F n + m (A). The second statement follows from the ifi^-equivalence 
between R and ^R, and that between R and S^STR from Section 1.4 



For all integers n and m there is a .fTi^-equivalence between S n S m A 
and S n+m A, so it follows that the pairing Theorem 13.11 extends to a 
well-defined graded pairing 




of 0. 



□ 



a: F,(A)®KK*(A,B)^F*(B) . 
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Let KK be the category whose objects are separable real C*-algebras 
and the set of morphisms from A to B is KK(A, B). There is a canon- 
ical functor KK from C*M-Alg to KK that takes an object A to itself 
and which takes a C*-homomorphism / : A — > B to the corresponding 
element [/] G KK(A, B). 

Corollary 3.3. Let F be a functor from C*R-Alg to Ab that is ho- 
motopy invariant, stable, and split exact. Then there exists a unique 
functor F : KK -> A such that F o KK = F. 

Proof. The functor F takes an object A in KK to F(A) in Ab and 
takes a morphism y G KK(A, B) to the homomoprhism F(A) — > F(B) 
defined by y t— » a(x ® y). The composition F o KK = F clearly holds 
on the level of objects. On the level of morphisms we must verify the 
formula a(x ® [/]) = f*(x) for / ': A — > B and x G F(A). This formula 
follows by the naturality of the pairing a, the formula a(x <8> 1a) — 
and the formula = [/] £ KK(A,B) which is verified as in 

Section 2.8 of [5]. □ 

Proposition 3.4. Lei F be a functor from C*R-Alg to Ab that is 
homotopy invariant and half exact. Then for any short exact sequence 

0^ A^> B ^ C ^0 

there is a natural boundary map d: F(SC) — > F{A) that fits into a 
(half-infinite) long exact sequence 

► F(SB) ^ F(SC) ^ F(A) ^ F(B) ^ F(C) . 

Proof. Use the mapping cone construction as in Section 21.4 of pQ. □ 

Corollary 3.5. A functor F from C*R-Alg to Ab that is homotopy 
invariant and half exact is also split exact. 

Proof. The splitting implies that g* is surjective. Thus in the sequence 
of Proposition 13.41 d = and /* is injective. □ 

Proposition 3.6. Let F be a functor from C*R-Alg to Ab that is 
homotopy invariant, stable, and half exact. Then for any short exact 
sequence 

0^ A^ B ^ C ^0 

there is a natural long exact sequence (with 24 distinct terms) 

• • ■ - F n+l {C) ^ F n (A) ^ F n {B) ^ F n (C) ^ F n -i(A) - . . . . 

Proof. From Corollary 13.51 and Corollary 13. 2\ F is periodic; so Propo- 
sition [3]4] gives the long exact sequence. □ 
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We say that a homotopy invariant, stable, half-exact functor F from 
C*M-Alg to the category Ab of abelian groups 

(v) satisfies the dimension axiom if there is an isomorphism F* (R) = 
i£*(R) as graded modules over -fC(IR) 

(vi) is continuous if for any direct sequence of real C*-algebras 
(A n , (j) n ), the natural homomorphism 



is an isomorphism. 

Theorem 3.7. Let F be a functor from C*R-Alg to Ab that is ho- 
motopy invariant, stable, half exact and satisfies the dimension axiom. 
Then there is a natural transformation (3: K n (A) —>■ F n (A). If F is 
also continuous, then j3 is an isomorphism for all real C*- algebras in 
the smallest class of separable C*-algebras which contains R and is 
closed under KK -equivalence, countable inductive limits, and the two- 
out- of-three rule for exact sequences. 

Proof. Let z be a generator of F(R) = Z and for x G K n (A) = 
KK(R, S n A) define a if* (M)-module homomorphism (3 : K*(A) -> F*(A) 
by f3(x) = a(z®x). Taking A = K., Theorem 13.11 yields that P(1q) = z 
where lo is the unit of the ring i£*(R) = KK*(R,R). Therefore, (3 is 
an isomorphism for A = R. Then bootstrapping arguments show that 
(3 is an isomorphism for all real C*-algebras in the class described. □ 

From Section 2.1 of [3] we have distinguished elements 



For any homotopy invariant, stable, split exact functor F on C*M- 
Alg, define the united F-theory of a real C*-algebra A to be 



lim F*(A n ) — > F*( lim (A n )) 



ii 



c e M (M,C) 
e e KK (R,T) 

^ v eKK (C,C) 
7 G KK^(C,T) 



r G KK (C,R) 

(eKK Q (T,C) 
ip T G KK (T, T) 

t G KKx(T, R) . 



F CHT (A) = {F*(A), F*(C ®A),F*(T®A)} 
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together with the collection of natural homomorphisms 





F n (A)^F n (£®A) 


r n 


F n (C <g> A) - 


- F n (A) 




F n (A) - F n (T ® A) 


Cn 


F n (T®A) - 


-> F n (C<8> A) 


(lpu)n 


F n (C <8 A) - 


-> F n (C <g> A) 




F n (T®A) - 


*F n {T® A) 


In 


F n (£®A) - 


-> F n _i(C ® A) 


T n 


F n (T <g> A) - 





induced by the elements c, r, e, £, -0^, r/> T , 7, r via the pairing of Theo- 
rem EHJ 

Proposition 3.8. Let F be a homotopy invariant, stable, split exact 
functor from C*R-Alg to Ab and let A be a separable real C*-algebra. 
Then F CRT (A) is a CRT-module. Moreover, if in addition F is half 
exact, then F CRT (A) is acyclic. 

Proof. To show that F CRT (A) is a Ci? T-module, we must show that the 
Ci?T-module relations 



rc = 


2 




= -Mv 


z = 


r(3 2 v c 


cr = 




ip T f3 T 


= Mr 


UJ = 


(3rlC 


r = 




Sl3 


= file 


(3 T ST = 


erf3 T + 7] T j3 T 


c = 


Ce 


Cflr 


= ftt 


er( = 


1 + ip T 




1 


7$ 


= M 


■ycr = 


l-tp T 


m 2 = 


1 


Tp 2 T 


= PoT 


T = 


-Ttp T 


ip T e = 


e 


7 


= 7VV 


r(3 T e = 





C7 = 





Vo 


= TE 


e{ = 


2p T e 


C = 




Vt 


= 10uC 




2t(3 t 



hold among the operations {c n , r n , e n , ( n , (ifju) n , (ip T )n, In, r n } on F CRT (A). 
But in the proof of Proposition 2.4 of [3j, it is shown that these relations 
hold at the level of .fTi^-elements. Therefore, using the associativity of 
the pairing of Theorem 13.11 the same relations hold among the opera- 
tions of F CRT (A). 
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Suppose now that F is also half-exact. To show that K CRT (A) is 
acyclic, we must show that the sequences 

(1) ► F n (A) ^ F n+1 (A) A F n+1 (C ®A) T -^L F n -i(A) -> . . . 



(2) • • • - F n (A) n X F n+2 (A) A F n+2 (T ® A) ^ F n ^(A) 



(3) 



F n+1 (C® A) A F n (T(g> A) i> F n (C®A) ^> F„(C® A) 



are exact. These can be derived from the short exact sequences 
-> S^R ®A^R®A^C®A^0 

-> S~ 2 R ®A^R®A^T(g)A^0 

0^SC®A^T®A^C®A^0 

from Sections 1.2 and 1.4 of [2]. 

Indeed, focusing on the first one for our argument, the short exact 
sequence 

-> 5 _1 M ®A^R®A^C®A^0 
gives rise to the long exact sequence 

► F n (A) F n+2 {A) [ A F n+2 (T <g>A)-^+ F n ^(A) - • • ■ 

where the homomorphisms are given by the multiplication of the ele- 
ments [/] G KK 2 (R,R), [g] G ifi^R, C), and d G M_i(C, R). In the 
case of the functor KK(B, — ), it was shown in the proof of Proposi- 
tion 2.4 of [3J that the resulting sequence has the form 



► KK n (B, A) ^ KK n+1 (B, A) A KK n+1 (B, C®A) 

for all separable real C*-algebras B. It then follows easily that the 
KK-element equalities [/] = g Q , [g] = c, d = rft~ x hold. This proves 
that Sequence [1] is exact. Sequences [2] and [3] are shown to be exact the 
same way. 

□ 

Theorem 3.9. Let F and G be homotopy invariant, stable, half exact 
functors from C*R-Alg to Ab with a natural transformation fx a- - 
G(A). If ha is an isomorphism for all complex C*-algebras A in C*R- 
Alg, then f±A is an isomorphism for all real C*-algebras in C*R-Alg. 
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Proof. Let A be a real separable C*-algebra. The natural transforma- 
tion \xa induces a homomorphism /i^ flT : F CRT (A) — > G CRT (A) of acyclic 
CRT- modules which is, by hypothesis, an isomorphism on the complex 
part. Then the results in Section 2.3 of [I] imply that \x°^ T is an iso- 
morphism. □ 
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